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Abstract
We consider the Lie group SU2 endowed with a left-invariant axisymmetric Rie-
mannian metric. This means that a metric has eigenvalues I1 = I2, I3 > 0. We give
an explicit formula for the diameter of such metric. Other words, we compute the
diameter of Berger’s sphere.
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eter, SU2.
AMS subject classification: 53C20, 53C22, 53C30, 58J35, 58J50.
1 Introduction
Several aspects of analysis of wave, heat, Schro¨dinger equations on a Riemannian manifold
(M, g) require the spectral analysis of the Laplace-Beltrami operator 4g that corresponds
to the metric g. The bounds and asymptotic for non-zero elements of the 4g-spectrum
depend on geometrical properties of the manifold M , such as the dimension, the curvature,
the volume and the diameter diamgM of M (see, for example [1]).
Recall that diamgM = sup {dg(x, y) | x, y ∈M}, where dg is the Riemannian distance.
Denote by g(I1, I2, I3) the left-invariant Riemannian metric on SU2 with eigenvalues
I1 6 I2 6 I3. N. Eldredge, M. Gordina and L. Saloff-Coste [2] show that
D0
√
I2 6 diamg(I1,I2,I3) SU2 6 D∞
√
I2, (1)
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where D0, D∞ are some constants.
In this paper we prove an explicit formula of the diameter diamg(I1,I1,I3) SU2 in the
case I1 = I2. Note, that SU2 endowed with the left-invariant metric g(I1, I2, I3) is known
as Berger’s sphere [3].
Theorem 1. The diameter of SU2 for left-invariant Riemannian metric with eigenvalues
I1 = I2, I3 > 0 is equal to
diamg(I1,I1,I3) SU2 =

2pi
√
I1, for I1 6 I3,
2pi
√
I3, for I3 < I1 6 2I3,
piI1√
I1−I3 , for 2I3 < I1.
Remark 1. The diameter is a continuous function of the variables I1, I3. Indeed, for
I1 = I3, we have 2pi
√
I1 = 2pi
√
I3. For I1 = 2I3, we obtain
piI1√
I1−I3 =
2piI3√
I3
= 2pi
√
I3.
Remark 2. The diameter satisfies inequality (1). Indeed, one can put D0 = pi and
D∞ = 2pi.
For proof of Theorem 1 see Section 3. The proof is based on our previous results [4]
for the cut locus and cut time for axisymmetric left-invariant Riemannian metrics on SU2.
(Note, that the diameter diamg(I1,I1,I3) SO3 is computed in that paper.) Also we use the
equation for the conjugate time achieved by L. Bates and F. Fasso` [5]. Section 2 contains
a summary of necessary notation and results from paper [4].
2 Cut time
We use the Hamiltonian formalism. Every geodesic (starting form id ∈ SU2) with arc-
length parametrization is defined by an initial momentum p ∈ su∗2 such that H(p) = 12 ,
where H(p) =
p21
I1
+
p22
I2
+
p23
I3
is the Hamiltonian, and p1, p2, p3 are components of p in
the basis dual to the basis where the Killing form and the metric are diagonal. (see [4],
Section 4). Introduce the following notation:
|p| =
√
p21 + p
2
2 + p
2
3, p¯3 =
p3
|p| .
The cut time tcut(p) is a time of loss of optimality for the geodesic with the initial
momentum p. Due to the axisymmetry of the metric, the cut time is a function tcut(p¯3)
of variable p¯3 ∈ [−1, 1].
Put τ = t|p|
2I1
. Define τ3(p¯3) as the first positive root of the equation
cos τ sin (τηp¯3) + p¯3 sin τ cos (τηp¯3) = 0, η =
I1
I3
− 1.
2
The function τ3(p¯3) is defined on the domain [−1, 1] \ {0}. There exists limp¯3→0 τ3(p¯3)
equal to τconj(0), where
2I1τconj(p¯3)
|p| is a conjugate time for the geodesic with the initial
momentum p (see [4], proof of Proposition 9). Define τ3(0) = τconj(0).
Theorem 2. (1) ([4], Propositions 8, 10) For the cut time tcut(p¯3) =
2I1τcut(p¯3)
|p| , we have
τcut(p¯3) =
{
pi, for η 6 0,
τ3(p¯3), for η > 0.
(2) ([4], proof of Proposition 9) The function τ3(p¯3) is smooth and increasing at the interval
[−1, 0] and decreasing at the interval [0, 1].
(3) ([5], Lemma 5) If η > 0, then τconj(p¯3) is the first positive root of the equation
tan τ = −τη 1− p¯
2
3
1 + ηp¯23
.
The function τconj(p¯3) is continuous and
pi
2
< τconj(p¯3) 6 pi.
(4) ([4], proof of Proposition 10) The inequality τ3(p¯3) < τconj(p¯3) is satisfied for p¯3 6= 0.
3 Proof of Theorem 1
The diameter is equal to the maximum value of the cut time tcut(p¯3), which is a function
of the variable p¯3 ∈ [−1, 1].
Consider first the case η 6 0. It is easy to see that |p| =
√
I1
1+ηp¯23
(see [4], proof
of Theorem 4). It follows from Theorem 2 (1), that tcut(p¯3) = 2pi
√
I1
√
1 + ηp¯23. This
function has a maximum at the point p¯3 = 0. The maximum value is 2pi
√
I1.
Consider now the case η > 0. We find critical points of the function (Theorem 2 (1))
tcut(p¯3) =
2I1τ3(p¯3)
|p| = 2
√
I1τ3(p¯3)
√
1 + ηp¯23.
The function τ3(p¯3) is even (due to the definition), so the function tcut(p¯3) is even as well.
Hence, we will consider p¯3 ∈ [0, 1].
Calculate the derivative
dtcut
dp¯3
(p¯3) = 2
√
I1
(
dτ3(p¯3)
dp¯3
√
1 + ηp¯23 +
τ3(p¯3)ηp¯3√
1 + ηp¯23
)
.
To make formulas more compact, we will omit the argument p¯3 of the function τ3(p¯3)
below. After transformations, using the formula for dτ3
dp¯3
(see [4], proof of Proposition 9)
dτ3
dp¯3
= −τ3η cos τ3 cos (τ3ηp¯3) + sin τ3 cos (τ3ηp¯3)− τ3ηp¯3 sin τ3 sin (τ3ηp¯3)−(1 + ηp¯23) sin τ3 sin (τ3ηp¯3) + p¯3(1 + η) cos τ3 cos (τ3ηp¯3)
,
3
we have (up to a positive multiplier C)
dtcut
dp¯3
(p¯3) = C
cos (τ3ηp¯3)[−(1 + ηp¯23) sin τ3 − τ3η(1− p¯23) cos τ3]
−(1 + ηp¯23) sin τ3 sin (τ3ηp¯3) + p¯3(1 + η) cos τ3 cos (τ3ηp¯3)
.
Consider the case cos (τ3ηp¯3) = 0. It follows from the definition of τ3 that in this case
cos τ3 = 0. So, τ3 =
pi
2
, and p¯3 =
2k+1
η
, where k ∈ Z. Since τ3 is decreasing at the interval
[0, 1] (Theorem 2 (2)), then at most one point of this series is inside of the interval [0, 1].
There is exactly one point if and only if η > 1. This critical point is p¯3 = 1η .
If cos (τ3ηp¯3) 6= 0 and p¯3 6= 0, then cos τ3 6= 0 (due to the definition of τ3). Divide
the numerator and the denominator by cos τ3 cos (τ3ηp¯3). Then, we have (up to a positive
multiplier)
dtcut
dp¯3
(p¯3) =
−(1 + ηp¯23) tan τ3 − τ3η(1− p¯23)
−(1 + ηp¯23) tan τ3 tan (τ3ηp¯3) + p¯3(1 + η)
.
Due to the definition of τ3, the denominator is equal to
(1 + ηp¯23)p¯3 tan
2 τ3 + p¯3(1 + η) > 0.
The first positive root of the numerator is τconj(p¯3) (Theorem 2 (3)) and τconj(p¯3) > τ3(p¯3)
(Theorem 2 (4)). So, the nominator does not vanish.
If p¯3 = 0, then τconj(0) = τ3(0). So, p¯3 = 0 is a critical point of tcut(p¯3). For small
enough p¯3 > 0, we have τ3(p¯3) ∈ (pi2 , τconj(p¯3)) (since, τ3(0) = τconj(0) > pi2 and the function
τ3 is continuous and decreasing). So, the numerator of
dtcut
dp¯3
(p¯3) is positive. Therefore,
p¯3 = 0 is the minimum point for tcut(p¯3).
Now we prove that p¯3 =
1
η
is a maximum point for η > 1. Compute dtcut
dp¯3
(1). Up to a
positive multiplier, this is equal to
−(1 + η) tan τ3(1)
(1 + η) tan2 τ3 + (1 + η)
.
The denominator is positive. One can find τ3(1) from the equation
cos τ3(1) sin (τ3(1)η) + sin τ3(1) cos (τ3(1)η) = sin (τ3(1)(1 + η)) = 0.
We have 0 < τ3(1) =
pi
1+η
< pi
2
. Thus, tan τ3(1) > 0. So, the function tcut(p¯3) has two
critical points p¯3 = 0 and p¯3 =
1
η
. The derivative of this function is positive at the interval
(0, 1
η
) and negative at the interval ( 1
η
, 1].
Finally, if η > 1, then p¯3 =
1
η
is a maximum point for tcut(p¯3). The corresponding value
is tcut(
1
η
) =
2I1τ3(
1
η
)
|p| , where τ3(
1
η
) = pi
2
, and |p| =
√
I1
1+ 1
η
. The diameter is pi
√
I1
√
1 + 1
η
.
If 0 < η 6 1, then the maximum value of tcut(p¯3) is achieved at p¯3 = 1. Since
τ3(1) =
pi
1+η
and |p| =
√
I1
1+η
, the diameter equals 2pi
√
I1√
1+η
.
Using the definition of η, we obtain the statement of Theorem 1. 
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